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ABSTRACT. For each n, the free abelian group F on countably many free generators will be equipped with a monoid P n making (F, P n ) into the free n-generator abelian -group. This is a generalization of the main result of the second author, published in the J. Pure Appl. Algebra 208 (2007), 549-554, only dealing with the case n = 2.
Introduction and statement of the main results
In this paper the main theorem of [8] will be generalized to all n-generator lattice-ordered abelian groups.
A lattice-ordered abelian group (abelian -group for short) is an algebraic structure G = (G, +, −, 0, ∨, ∧) such that (G, +, −, 0) is an abelian group, (G, ∨, ∧) is a lattice, and x+(y ∨z) = (x+y)∨(x+z) for all x, y, z ∈ G. The positive cone of G is the set G + = {x ∈ G | x ∨ 0 = x}. Letting G denote the underlying group of G, we will write (G, G + ) as an alternative notation for G. An -homomorphism θ : (G, G + ) → (H, H + ) is a group homomorphism that also preserves the lattice operations.
Because abelian -groups form an equational class, for any nonempty set X = {x 1 , . . . , x n } there exists an abelian -group F n = (F n , F We will always assume that each generating vector v i is primitive, in the sense that the greatest common divisor of the coordinates of v i is 1. Every cone uniquely determines the set of its primitive generating vectors. The singleton {0} ⊆ R n is the zero-dimensional cone of R n . A face of σ = v 1 , . . . , v m is a cone of either form {0} or w 1 , . . . , w r for {w 1 , . . . , w r } a subset of {v 1 , . . . , v m }. A cone σ = v 1 , . . . , v m ⊆ R n is non-singular (also called regular in [5] ) if the set {v 1 , . . . , v m } is contained in some basis of the free abelian group Z n .
Following [5, III,1.7, V, 4.11] or [9, 1.10, 1.11], by a complete non-singular fan in R n we mean a finite set ∆ of non-singular cones in R n , such that (i) if τ is a face of a cone in ∆, then τ ∈ ∆,
(ii) every two cones of ∆ intersect in a common face, and (iii) the point-set union of all cones in ∆ is the whole R n .
We let ∆ (m) denote the set of all m-dimensional cones in ∆. In particular, the set ∆ (1) of rays of ∆ coincides with the set { v 1 , . . . , v k } where v 1 , . . . , v k are the primitive generating vectors of the cones of ∆.
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Throughout this paper the set of primitive vectors in Z n will be equipped with a fixed lexicographic order given by the following stipulation: for any two distinct primitive vectors x = (x 1 , . . . , x n ), y = (y 1 , . . . , y n ) ∈ Z n , we write x ≺ y iff
The first 2n elements are the standard basis vectors and their opposites, as follows:
For each fixed m = 2, 3, . . . we also equip the set of m-element subsets of Z n with a similar lexicographic order . Given a nonzero vector p ∈ Z n , for any primitive vectors x = y ∈ Z n the p-temperature of the cone x, y is the integer (p • x)(p • y), where • is scalar product in R n . Note that the p-temperature of x, y is ≥ 0 iff x and y lie in the same closed half-space determined by the hyperplane
For n = 2, 3, . . . let ∆ be a complete non-singular fan in R n . Let p be the -first vector such that the p-temperature of some 2-dimensional cone in ∆ is < 0. Let σ = v, w ∈ ∆ (2) have the lowest p-temperature (if several twodimensional cones have the same lowest p-temperature, we choose the -first one). The successor ∆ of ∆ is the (regular) stellar subdivision of ∆ obtained by starring ∆ at the mediant v + w of the cone σ = v, w ∈ ∆ of lowest p-temperature. In other words, [5, V, 6 .1], [9, 1.26 ], ∆ has a new ray v + w , and every cone v, w, . . . ∈ ∆ containing σ as a face, is replaced in ∆ by the two cones v, v + w, . . . and v + w, w, . . . . Note that ∆ is a complete non-singular fan in R n .
Ò Ø ÓÒ 2.1º For n = 2, 3, . . . , the sequence ∆ 2n , ∆ 2n+1 , . . . of complete non-singular fans in R n is defined as follows:
(a) ∆ 2n is the fan whose n-dimensional cones are the orthants of R n ; its 2n rays are generated by the vectors ±e 1 , . . . , ±e n ;
The dependence on n of this sequence is tacitly understood. 
is an immediate consequence of the definition of ∆ i . To prove (ii) we argue by way of contradiction. Since has no infinitely descending chains, let p be the -first primitive vector such that there is no integer d ≥ 2n such that the p-temperature of every 2-dimensional cone σ ∈ ∆ 
We have just shown that the following alternative holds: either
Thus after a finite number c of stellar subdivisions, letting d = b + c, the fan ∆ d has the property that the p-temperature of all its 2-dimensional cones is ≥ 0, a contradiction.
∆-linear support functions
A homogeneous linear polynomial with integer coefficients is a function l :
said to be piecewise homogeneous linear with integer
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coefficients, if it is continuous and there is a finite set {l 1 , . . . , l q } of homogeneous linear polynomials with integer coefficients such that for every x ∈ R n , there is j ∈ {1, . . . , q} with f (x) = l j (x). The polynomials l 1 , . . . , l q are called the linear pieces of f . For each n = 1, 2, . . . we denote by R n the abelian -group of all piecewise homogeneous linear functions with integer coefficients.
Let ∆ be a complete non-singular fan in R n . Following [9] , a function f : R n → R is said to be a ∆-linear support function if f is integer-valued over Z n and is homogeneous linear over each cone σ ∈ ∆. We denote by SF(∆) the group of all ∆-linear support functions. We let SF(∆)
The following representation of SF(∆) is a reformulation of the non-singularity property of ∆ (compare with [9, p. 67]):
For each i = 1, . . . , k the η −1 -image of the standard basis vector e i ∈ Z k is called the ith Schauder hat of the complete non-singular fan ∆, denoted h v i . We denote by SH(∆) the set of the Schauder hats of ∆. The reason for this terminology is given in the following: Schauder hats h 1 , . . . , h k form a basis for the free abelian group SF(∆).
and v i is a ray of σ. 
, and h j = h j for all j ∈ {1, . . . , k} \ {r, s}.
P r o o f. From Lemma 3.1 we immediately get (i) and (ii). We next prove (iii). If x does not belong to any cone σ ∈ ∆ (n) having v i as a ray, then by (ii) x belongs to the zeroset h −1 i (0). On the other hand, suppose x belongs to some cone in ∆ (n) having v i as a ray, and for definiteness let σ be the -first such cone (any other such cone will produce the same result). Since h i ∈ SF(∆) To prove that h r + h k+1 = h r , since both h r + h k+1 and h r are members of SF(∆ ), it suffices to check that these two functions coincide over the primitive generating vectors v 1 , . . . , v k , m of ∆ . Analogously, h s + h k+1 = h s .
Ä ÑÑ 3.3º Every function f ∈ R n is a member of SF(∆
. . , l q be the linear pieces of f , and write l j (x) = p j • x for some p j ∈ Z n . For any two distinct j, k ∈ {1, . . . , q} let p jk = p j − p k . By Lemma 2.2 there is an integer d ≥ 2n such that, for each p jk , the p jk -temperature of all 2-dimensional cones σ ∈ ∆ for every r, s ∈ {1, . . . , m}, we have the inequality (l j − l k )(w r ) · (l j − l k )(w s ) ≥ 0. As a consequence, either (l j − l k )(w t ) ≥ 0 holds for all t ∈ {1, . . . , m}, or (l j − l k )(w u ) ≤ 0 holds for all u ∈ {1, . . . , m}. In other words, over τ we either have l j ≥ l k or l j ≤ l k , as required. The second statement is an immediate consequence of the first one.
ÓÖÓÐÐ ÖÝ 3.4º R 1 = SF(∆ 2 ) and R 
π j denoting as usual the jth projection (x 1 , . . . , x n ) → x j .
(ii) for every integer i ≥ 2n, suppose ∆ i+1 is obtained by starring ∆ i at the mediant v r + v s of the cone v r , v s ∈ ∆ The proof of (ii) immediately follows from (i). The extension ι of the map
For later use, we give here a self-contained geometric proof of Birkhoff's characterization of the free abelian -group on n generators, n = 1, 2, 3, . . . : (x 1 , . . . , x n ) = 0 fails in an abelian -group (G, G + ). By the elementary theory of abelian -groups we can assume (G, G + ) to be totally ordered. There are elements a 1 , . . . , a n ∈ G such that τ (a 1 , . . . , a n ) > 0 in (G, G + ). Let H be the subgroup of G generated by the elements a 1 , . . . , a n . As a finitely generated torsion free abelian group, H can be identified with the free abelian group Z d , for some integer d ≥ 1 . Its generators a 1 , . . . , a n are concretely realized as vectors
we get a total order ≤ P on Z d . Let us display the subterms σ 1 , . . . , σ t of τ by first listing its variables x 1 , . . . , x n and then the remaining subterms of τ in the order induced by the number of operation symbols occurring in a term:
We can safely assume that the list contains the zero term. The map x 1 → v 1 , . . . , x n → v n uniquely extends to an interpretation σ j → v j (j = 1, . . . , t) of all subterms of τ into elements of the totally ordered group (Z d , P ). By hypothesis, 0 At the expense of burdening the notation one can similarly prove that the underlying group of any finitely presented abelian lattice-ordered group is free.
Without using the duality theory of Baker [1] and Beynon [2] we now have the following strengthening of Birkhoff's characterization (Proposition 4. 
Reconstructing the positive cone
The list w 1 , w 2 , . . . of primitive vectors in Z n is defined as follows:
. . , w n = −e n , w n+1 = e n , . . . , w 2n = e 1 .
For i > 2n we define w i to be the primitive generating vector of the only ray of ∆ 
and for i > 2n, recalling the notation in Lemma 3.2(iii),
having w i as a ray, w j / ∈ σ,
such that w j ∈ σ and w i is a ray of σ. 
Then (F, P n ) is the free abelian -group on the free generators is the free abelian -group F n on the free generators π 1 , . . . , π n , which are the ι −1 -images of ξ 2n − ξ 1 , . . . , ξ n+1 − ξ n . Thus, in order to show that P n makes (F, P n ) into the free abelian -group freely generated by ξ 2n − ξ 1 , . . . , ξ n+1 − ξ n it suffices to prove that ι carries P n onto S + = , which shows that ι −1 (f ) ∈ P n . In conclusion, ι(P n ) = S + and the proof is complete.
